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Strutural approximations to positive, but not ompletely positive maps are approximate physial
realizations of these non-physial maps. They nd appliations in the design of diret entanglement
detetion methods. We show that many of these approximations, in the relevant ase of optimal
positive maps, dene an entanglement breaking hannel and, onsequently, an be implemented via
a measurement and state-preparation protool. We also show how our ndings an be useful for the
design of better and simpler diret entanglement detetion methods.
PACS numbers:
I. INTRODUCTION
Entanglement is one of the most important, and
presumably neessary, ingredients of quantum infor-
mation proessing [1℄. For this reason there is a on-
siderable interest both in theory and experiments in
designing feasible and eient ways of entanglement
detetion. Indeed, there has been a lot of progress
in this problem reently. The most frequently used
and investigated entanglement detetion methods in-
lude: i) tomography of the quantum state with lo-
al measurements, useful for low dimensional systems
provided entanglement riteria for the states in ques-
tion are known [2, 3, 4℄, but impratial for higher
dimensional systems; ii) methods based on deteting
only some elements of the density matrix for a ontin-
uous family of measuring devies settings, suh as the
method of entanglement visibility [5℄; iv) tests of gen-
eralized Bell inequalities [6℄, although there are states
that despite being entangled do not violate any Bell
inequality [7, 8℄ nor any known Bell inequality [9℄; v)
entanglement witnesses [10, 11℄; vi) diret entangle-
ment detetion shemes, for pure [12℄ or mixed states
[13℄ and, in partiular, using strutural approxima-
tions to positive maps [14, 15℄; vii) nonlinear entan-
glement witnesses [16℄ and viii) methods employing
measurements of varianes [17℄ or even higher order
orrelation funtions [4, 18℄, or relying on entropi
unertainty relations [19℄. The methods v) and vi)
are the subjet of the present paper and we disuss
them in more detail below. First we reall some basi
denitions.
a. Entanglement Witnesses. An observable
E = E† is alled an entanglement witness if and only
if, for all separable states σ, the average tr(Eσ) ≥
∗
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0 and there exists an entangled state ̺ for whih
tr(E̺) < 0. As shown in Ref. [10℄, the Hahn-Banah
theorem implies that for every entangled state ̺, there
exists a witness E that detets it, i.e. tr(E̺) < 0.
Conversely, the state σ is separable if and only if for
all witnesses it holds tr(Eσ) ≥ 0. As has been pointed
out in Ref. [20℄, entanglement witnesses an be e-
iently measured with loal measurements and, more
importantly, one an optimize the omplexity of this
measurement with respet to, for instane, the num-
ber of measuring devie settings. Nowadays, entangle-
ment witnesses are routinely used in experiments to
detet entanglement in bipartite [21℄ and multipartite
[3, 22℄ systems.
b. Positive Maps. A related onept is that of
a positive map. Let B(HA) and B(HB) denote the
spaes of bounded operators on Hilbert spaes HA
and HB respetively. Then a linear map Λ: B(HA)→
B(HB) is alled positive if Λ(̺) ≥ 0 for every ̺ ≥ 0.
However, not every positive map an be regarded as
physial, desribing e.g. a quantum hannel or the
redued dynamis of an open system: a stronger pos-
itivity ondition is required [23℄. Namely, a map Λ
is physial whenever it is ompletely positive, whih
means that the extended map 1 ⊗ Λ: B(K ⊗ HA) →
B(K⊗HB) is positive for any extension K.
Again, as shown in Ref. [10℄ (see also [24℄), a
state ̺ ∈ B(HA ⊗ HB) is entangled if and only if
there exists a positive, not ompletely positive map
Λ: B(HB) → B(HA) that detets ̺, i.e. [1 ⊗ Λ](̺) is
not positive denite. A paradigm example of a posi-
tive but not ompletely positive map is transposition,
T , whose great signiane for separability was rst
realized in Ref. [25℄. It turns out to detet all the
entangled states in B(C2 ⊗ C2) and B(C2 ⊗ C3) [10℄.
However, as it is well known [26℄ (see also e.g. Ref.
[1℄ and referenes therein), in higher dimensions there
are entangled states whih possess the positive partial
transpose (PPT) property.
2Entanglement witnesses and positive maps [27℄ are
related through the Jamioªkowski isomorphism [28℄.
Let E ∈ B(HA ⊗ HB). From this moment on
we assume that the onsidered Hilbert spaes are
nite dimensional, dimHA,B = dA,B < ∞ (for
an example of innite dimensional generalization of
Jamioªkowski isomorphism see Ref. [29℄). We then
dene ΛE : B(HA)→ B(HB) as follows:
ΛE(̺) = dAtrA
[
E(̺T ⊗ 1)] . (1)
Conversely, introduing a maximally entangled vetor
in HA ⊗HA,
|Φ+〉 = 1√
dA
dA∑
i=1
|ii〉, P+ = |Φ+〉〈Φ+| (2)
we dene for eah map Λ: B(HA)→ B(HB) an oper-
ator
EΛ = 1⊗ Λ(P+) (3)
ating on B(HA ⊗ HB). Then Λ is positive if and
only if EΛ is an entanglement witness, sine EΛE = E
[28℄. Moreover, Λ is ompletely positive if and only if
EΛ ≥ 0, i.e. EΛ is a (possibly unnormalized) state.
. Strutural Physial Approximation.
Positive maps are stronger detetors of entanglement
than the orresponding witnesses, despite the de-
sribed Jamioªkowski isomorphism. They detet the
same states as the orresponding witnesses plus those
obtained through loal invertible transformation on
one side. Unfortunately generi positive maps are
not physial and their ation annot be diretly
implemented. It is therefore hallenging to try to
nd a physial way to approximate the ation of
a positive map. This is the goal of the strutural
physial approximation [14, 15℄. The idea is to mix a
positive map Λ with some simple ompletely positive
map (CPM), making the mixture Λ˜ ompletely pos-
itive. The resulting map an then be realized in the
laboratory and its ation haraterizes entanglement
of the states deteted by Λ. In the partiular example
studied in Refs. [14, 15℄ this idea has been applied to
the map Λ = 1⊗ T . Although experimentally viable,
this method is not easy to implement sine, at least
in its original version, it requires highly nonloal
measurements: subsequent appliations of Λ˜ followed
by optimal spetrum estimation. A more detailed
disussion on this entanglement detetion sheme is
given in Setion V.
In the ase of nite dimensional Hilbert spaes, we
an, without lost of generality, restrit our attention to
ontrative strutural approximations, i.e. tr(Λ˜(̺)) ≤
1, for tr(̺) = 1. If the initial map is not ontrative,
we an always dene Λ˜′(̺) = Λ˜(̺)/tr(Λ˜(̺∗)), where
tr(Λ˜(̺∗)) = max̺:tr(̺)=1 tr(Λ˜(̺))) and the maximum
is attained for some ̺∗ due to the ompatness of the
set of all states. Contrative CPM's an be realized
probabilistially as a partial result of a generalized
measurement (see Ref. [14℄).
d. Entanglement Breaking Channels. A dif-
ferent use of maps in the ontext of quantum theory
onerns the desription of quantum hannels, whih
are ompletely positive and trae-preserving maps. A
hannel Λ that transforms any state ̺ into a separable
state Λ(̺) is alled entanglement breaking (EB) [30℄.
Clearly, these hannels are useless for entanglement
distribution. In Ref. [30℄, the following equivalene
was obtained:
1. The hannel Λ is EB.
2. The orresponding state EΛ is separable.
3. The hannel an be represented in the Holevo
form:
Λ(̺) =
∑
k
tr(Fk̺)̺k, (4)
with some positive operators Fk ≥ 0 dening a
generalized measurement [31℄,
∑
k Fk = 1, and
states ̺k determined only by Λ.
The last property above means that the ation of an
EB hannel an be substituted by a measurement and
state-preparation protool. Moreover, from the sepa-
rable deomposition of the state EΛ
EΛ =
∑
k
pk|vk〉〈vk| ⊗ |wk〉〈wk| (5)
with |vk〉 ∈ HA and |wk〉 ∈ HB, one obtains the fol-
lowing expliit Holevo representation of Λ [30℄:
Λ(̺) =
∑
k
|wk〉〈wk|tr
[
(dApk|v¯k〉〈v¯k|) ̺
]
, (6)
where the overbar denotes the omplex onjuga-
tion. The positive operators {dApk|v¯k〉〈v¯k|} dene a
properly normalized measurement due to the trae-
preserving property of Λ.
Notie that these results an easily be extended to
the ase of ontrating maps. Then, a Holevo de-
omposition is still possible for EB maps with the
positive operators Fk dening a partial measurement,∑
k Fk < 1.
In this paper we address the question of imple-
mentation of strutural approximations to positive
maps through (generalized) measurements. In par-
tiular, we study strutural approximations to maps
Λ: B(HA) → B(HB) obtained through minimal ad-
mixing of white noise:
Λ˜(ρ) = p tr(ρ)
1
dB
+ (1− p)Λ(ρ). (7)
Minimal means here that we take the smallest noise
probability 0 < p < 1 for whih Λ˜ beomes ompletely
positive. Now the key question is when suh Λ˜ an
be implemented through generalized measurements,
i.e. when they orrespond to EB maps aording to
3Eq. (4). As a onsequene, we are led to study the
separability of witnesses of the form
E˜Λ = 1⊗ Λ˜(P+) = p
dAdB
1+ (1 − p)EΛ (8)
for minimal p suh that
E˜Λ ≥ 0. (9)
Reall that this is equivalent to Λ˜ being ompletely
positive. In general, we will onsider ontrative maps
Λ˜ and ask whether they orrespond to EB maps, not
neessarily trae-preserving. Note that if a CPM Λ˜
is ontrative and EB, then there exists an EB ex-
tension to a trae-preserving map, Λ˜′(̺) = Λ˜(̺) +
[tr(̺) − tr(Λ˜(̺))]1/d. In the language of witnesses,
trae preservation means trBEΛ˜ = 1A.
The main subjet of the paper is the following
onjeture:
Conjeture: Strutural physial approximations to
optimal positive maps orrespond to entanglement
breaking maps. Equivalently, strutural physial
approximations to optimal entanglement witnesses E
are given by (possibly unnormalized) separable states.
We prove the above onjeture in several speial
ases and disuss a large number of generi examples
providing evidene for its validity. This is done for
both deomposable entanglement witnesses, that de-
tet only entangled states with negative partial trans-
position (NPT), and also for non-deomposable wit-
nesses whih in addition detet PPT entangled states.
One more, we expet the onjeture to be valid
in general, but in some ases we restrit our exam-
ples to strutural approximations whih are trae-
preserving. Note that suh restrition makes the on-
jeture weaker, sine every ontrative EB hannel has
a trae preserving EB extension, but not vie-versa.
The importane of our result is twofold: i) if the
onjeture is true, strutural physial approximations
to optimal maps admit a partiularly simple exper-
imental realizationthey orrespond to generalized
measurements [32℄; ii) the results shed light on the
geometry of the set of entangled and separable states
(f. Ref. [33℄).
The paper is organized as follows. In Setion
II we reall the notions of deomposable and non-
deomposable entanglement witnesses and their op-
timality, based on the Refs. [34, 35℄. In Setion III we
onentrate on deomposable maps. First we study
dimensions 2⊗2 and 2⊗3, where the positivity of the
partial transpose provides the separability riterion.
Here we show that in general, without the assump-
tion of optimality, the onjeture is not true, while it
obviously holds for optimal deomposable witnesses.
Next, we disuss general deomposable maps in 2⊗ 4
systems, whih are nontrivial due to the existene of
PPT entangled states. Other examples of maps in
3 ⊗ 3 systems satisfying the onjeture are presented
in Appendix B. We onlude this setion proving the
onjeture for the transposition and redution map
[38℄ in arbitrary dimension. Setion IV is devoted to
non-deomposable positive maps. We start the dis-
ussion by analyzing the ase of Choi's map, one of
the rst examples of a map in this lass. Then, we
study a positive map based on unextendible produt
bases (UPB's) [36℄. Finally, we end this setion with
an analysis of the Breuer-Hall map [39, 40℄, whih
an be understood as the non-deomposable version
of the redution riterion. Here symmetry methods
turn out to be indispensable. We introdue and study
in some detail a new family of statesunitary sym-
pleti invariant states. The most tehnial details of
these states are mainly given in Appendix C, where,
as a byprodut, we show that this family inludes also
bound entangled states. Finally, we study the physial
approximation to partial transposition, as this map is
used in the diret entanglement detetion method pro-
posed in [15℄. In the latter ase the analysis is again
made possible due to symmetry arguments, in parti-
ular the unitary UU¯V V symmetry (f. Refs. [41, 42℄).
The paper ends with the onlusions in Setion VI.
II. OPTIMALITY OF POSITIVE MAPS AND
ENTANGLEMENT WITNESSES
The notion of optimality of positive maps and en-
tanglement witnesses has been introdued in Refs.
[34, 35℄. We review it here without proofs, whih
an be found in the original papers. There are two
onepts of optimality: one general, and one stritly
related to non-deomposable positive maps (or entan-
glement witnesses) and PPT entangled states. We
fous below on entanglement witnessesthe trans-
lation to positive maps is straightforward using the
Jamioªkowski's isomorphism (f. Eqs. (1) and (3)).
A. General Optimality
Let us introdue the notion of general optimality
rst. Given an entanglement witness E we dene:
• DE = {̺ ≥ 0 : tr(E̺) < 0}the set of opera-
tors deteted by E.
• Finer witness  given two witnesses E1 and E2
we say that E2 is ner than E1, if DE1 ⊂ DE2 ,
i.e. if all the operators deteted by E1 are also
deteted by E2.
• Optimal witness  E is optimal if there exists
no other witness whih is ner than E.
• PE = {u⊗v ∈ HA⊗HB : 〈u⊗v|Eu⊗v〉 = 0}
the set of produt vetors on whih E vanishes.
As we will show, these vetors are losely related
to the optimality property.
4Vetors in PE play an important role regarding entan-
glement. A full haraterization of optimal witnesses
is provided by the following theorem:
Theorem 1: A witness E is optimal if and only
if for all operators P ≥ 0 and numbers ǫ > 0, E′ =
E − ǫP is not an entanglement witness.
In this paper we will use the following important
orollary:
Corollary 2: If the set PE spans the whole Hilbert
spae HA ⊗HB, then E is optimal.
B. Deomposable witnesses
There exists a lass of entanglement witnesses whih
is very simple to haraterizedeomposable entan-
glement witnesses [24℄. Those are the witnesses whih
an be written in the form:
E = Q1 +Q
Γ
2 , (10)
where Q1,2 ≥ 0 and Γ refers to partial transposition
with respet to the seond subsystem:
QΓ = (1⊗ T )Q. (11)
As it is well known, these witnesses annot detet PPT
entangled states. We reall here some simple proper-
ties of optimal deomposable entanglement witnesses:
Theorem 2: Let E be a deomposable witness. If
E is optimal then it an be written as E = QΓ, where
Q ≥ 0 ontains no produt vetor in its range.
This result an be slightly generalized as follows:
Theorem 2': Let E be a deomposable witness. If
E is optimal then it an be written as E = QΓ, where
Q ≥ 0 and there is no operator P in the range of Q
suh that PΓ ≥ 0.
C. Non-deomposable witnesses
Entanglement witnesses whih are able to detet
PPT entangled states annot be written in the form
(10) [24℄, and are therefore alled non-deomposable.
The present Subsetion is devoted to this kind of wit-
nesses. The importane of non-deomposable wit-
nesses for deteting PPT entanglement is reeted by
the following:
Theorem 3: An entanglement witness is non
deomposable if and only if it detets some PPT en-
tangled state.
We now reall some denitions whih are parallel to
those provided previously. Given a non-deomposable
witness E, we dene:
• dE = {̺ ≥ 0 : ̺Γ ≥ 0 and tr(E̺) < 0}  the
set of PPT operators deteted by E.
• Finer non-deomposable witnessgiven two
non-deomposable witnesses E1 and E2 we say
that E2 is ndner than E1 if dE1 ⊂ dE2 , i.e. if
all PPT operators deteted by E1 are also de-
teted by E2.
• Optimal non-deomposable witness  E is opti-
mal non-deomposable if there exists no other
non-deomposable witness whih is nd-ner
than E.
Again, vetors in PE play an important role regard-
ing PPT entangled states. The full haraterization
of optimal non-deomposable witnesses is given by an
analog of Theorem 1:
Theorem 4: A non-deomposable entanglement
witness E is optimal if and only if for all deompos-
able operators D and ǫ > 0, E′ = E − ǫD is not an
entanglement witness.
Note that in priniple non-deomposable optimality
requires the witness to be ner with regard to PPT
entangled states only, so that a non-deomposable op-
timal witness does not have to be optimal in the sense
of Setion IIA. However, this is not the ase sine we
have the following:
Theorem 5: E is an optimal non-deomposable
entanglement witness if and only if both E and EΓ
are optimal witnesses.
and
Corollary 6: E is an optimal non-deomposable
witness if and only if EΓ is an optimal non-
deomposable witness.
In Ref. [34℄ optimality onditions have been derived
and investigated for the ase of 2 ⊗ N -dimensional
Hilbert spaes. These onditions are, however, very
omplex and for the purpose of the present work we
will use Corollary 2 to hek optimality, even though
it provides only a suient ondition.
III. DECOMPOSABLE MAPS
This setion is devoted to the study of the onje-
ture for deomposable maps. We start by proving the
onjeture for low dimensional systems, namely 2⊗ 2
and 2 ⊗ 3. Then, we provide some rather general re-
sults for 2 ⊗ 4 systems. Moreover, Appendix B on-
tains several relevant examples of deomposable maps
in 3 ⊗ 3 systems where the onjeture also holds. Fi-
nally, we prove the onjeture in arbitrary dimension
for two of the most important examples of deompos-
able maps, the transposition and redution maps.
A. 2⊗ 2 and 2⊗ 3
We begin with general examples in the lowest non-
trivial dimensions. Take Λ to be a positive map from
B(C2) to B(C2) or to B(C3). Reall [24℄ that ev-
ery suh map is deomposable, i.e. is of the form
Λ = ΛCP1 +T ◦ΛCP2 and that its orresponding entan-
glement witness an be written as (10). We will rst
show that not every strutural approximation to Λ is
5entanglement breaking. In other words, the optimal-
ity of the positive map is essential for the onjeture.
For deniteness' sake we analyze the 2⊗2-dimensional
ase, but the argument also holds in 2⊗ 3 systems.
Let us onsider the entanglement witness EΛ orre-
sponding to Λ and, Q1 and Q2 in (10) to be rank-one
operators of the form:
Q2 =

a 0 0 a
0 0 0 0
0 0 0 0
a 0 0 a
 , Q1 =

0 0 0 0
0 b b 0
0 b b 0
0 0 0 0
 (12)
with real positive a and b. Then the witness
Q1 +Q
Γ
2 =
 a 0 0 00 b b+ a 00 b+ a b 0
0 0 0 a
 (13)
is not positive and therefore Λ is not ompletely pos-
itive. From the general form (8) we obtain that:
E˜Λ =
p
41+ (1− p)
(
Q1 +Q
Γ
2
)
=
 a
′ + c 0 0 0
0 b′ + c b′ + a′ 0
0 b′ + a′ b′ + c 0
0 0 0 a′ + c
 ,
a′ = (1− p)a, b′ = (1 − p)b, c = p4 . (14)
This operator is positive for
p ≥ 4a
4a+ 1
, (15)
whih is the ondition for the strutural approxima-
tion.
In order to study separability, it is enough to hek
the PPT ondition, as it is both a neessary and su-
ient ondition in the lowest dimensions [25℄. Apply-
ing partial transposition we obtain that the state (14)
is not PPT, and hene entangled, for
p <
4b
4b+ 1
. (16)
Taking b > a the ondition (15) and (16) an be simul-
taneously satised, thus giving a strutural approxi-
mation whih is not entanglement breaking.
Above we have onsidered a general positive map
from B(C2) to B(C2) or to B(C3), i.e. Λ = ΛCP1 +T ◦
ΛCP2 . Let us now onsider an optimal one:
Λ = T ◦ ΛCP , EΛ = QΓ. (17)
It immediately follows that any strutural approxima-
tion to suh Λ is entanglement breaking sine
EΓΛ =
p
4
1+ (1 − p)Q ≥ 0, (18)
so that EΛ is separable. Thus, in the lowest dimen-
sions any strutural approximation to an optimal map
is entanglement breaking.
More generally, for arbitrary dimension we immedi-
ately obtain from Eq. (18) that any strutural ap-
proximation to an optimal deomposable map (17)
(f. Setion IIA) gives rise to a PPT state. How-
ever, in priniple not neessarily that state is separa-
ble, i.e. not neessarily Λ˜ is entanglement breaking, as
PPT ondition is no longer suient for separability
in higher dimensions.
B. 2⊗ 4
We now study optimal deomposable maps in 2⊗ 4
dimensional systems. The main haraterization of
suh witnesses/maps is given by Theorems 2 and 2'
from Setion II B and we will use it extensively in
what follows. In some ases we will present general
results, while in others we onsider what seem generi
examples, giving evidene supporting our onjeture.
Other examples of witnesses in 3⊗ 3 systems fullling
the onjeture are presented in Appendix B.
Let us then onsider systems with dimension 2⊗ 4.
There are only three possibilities in this ase, depend-
ing on the rank r(Q) of the operator Q (f. Theorem
2, Setion II B): r(Q) = 1, 2, or 3. Higher ranks are
not possible as then Q would have a produt vetor
in its range and hene the witness QΓ would not be
optimal [34℄.
When r(Q) = 1, then Q is eetively supported in
a 2 ⊗ 2 subspae and the results of Setion IIIA im-
ply that its strutural approximation is entanglement
breaking.
When r(Q) = 2 there are two further possibilities:
Q is supported either in a 2⊗3 subspae or in the full
2⊗ 4 spae. The rst ase is again overed by Setion
IIIA. In the latter ase, Q an be written as a sum of
projetors:
Q = Pψ + Pχ, (19)
where
ψ = |0〉|f1〉+ |1〉|f2〉, (20)
χ = |0〉|f3〉+ |1〉|f4〉. (21)
Here |0〉, |1〉 is the standard basis in C2 and f1, . . . , f4
are vetors in C4. In the most general ase of on-
trative maps, f1 and f2 are orthogonal to f3 and f4,
and this onsists of the only ondition required for
the proof. Note that if the vetors fi are mutually
orthonormal, the map is trae-preserving. Projetors
in Eq. (19) dene a deomposition of C4 into a diret
sum C2⊕C2 and, hene, Q has a blok-diagonal form
resulting from a split 2⊗ (2 ⊕ 2) = (2 ⊗ 2)⊕ (2 ⊗ 2).
Applying the results of Setion IIIA to eah of the
2⊗ 2-bloks we obtain the result.
We are left with the most interesting ase: r(Q) =
3. Take P a projetor on the kernel of Q. The state
P has rank 5, is PPT and possibly entangled. In this
ase we annot prove the onjeture in general, and we
6onsider an example where the range of P is spanned
by the produt vetors (1, α) ⊗ (1, α, α2, α3), for all
omplex numbers α. This an be always ahieved ap-
plying a loal invertible transformation on C4 side (f.
[37℄). Sine, by onstrution, Q is supported on P 's
kernel, it is supported on a span of the vetors
|10〉 − |01〉, (22)
|02〉 − |11〉, (23)
|03〉 − |12〉 (24)
where |ij〉 denotes the standard produt basis of
C2 ⊗ C4. As evidene to support our onjeture,
one an see that the strutural approximation to QΓ,
where Q is given by the sum of projetors on the above
vetors, is indeed entanglement breaking. The details
of the separability proof are given in Appendix A.
Note, that the EB map orresponding to QΓ is not
trae-preserving, but as we mentioned in the intro-
dution it has an EB trae-preserving extension.
C. Transposition
We onlude the study of deomposable maps by
proving the onjeture in arbitrary dimension for two
of the best known positive maps, the transposition
and redution maps. Let us rst onsider strutural
approximations to transposition T : B(H) → B(H),
H ∼= Cd, whih is an optimal deomposable map, for
arbitrary dimension. The orresponding witness E˜T ,
obtained from Eq. (8), turns out to be a Werner state
on H⊗H:
E˜T =
p
d2
1+
1− p
d
F (25)
Here F is the ip operator, suh that Fψ ⊗ φ = φ ⊗
ψ. One easily sees that E˜T is positive, and hene T˜
ompletely positive, when
p ≥ d
d+ 1
, (26)
whih is the ondition for the strutural approxima-
tion for T . To hek the separability of E˜T , we use the
fat that the PPT riterion is neessary and suient
for Werner states. Sine, for all p, we have
E˜ΓT =
p
d2
1+ (1− p)P+ ≥ 0 (27)
E˜T beomes separable at the point it beomes a state.
This implies that the strutural approximation to
transposition is always entanglement breaking.
Employing the UU -invariane of Werner states, we
nd an expliit expression for T˜ in the Holevo form
(4). Reall that eah Werner state an be represented
using the UU depolarizing map DUU as [7℄:
̺W = DUU (̺) =
∫
dU(U ⊗ U)̺(U † ⊗ U †), (28)
where dU orresponds to the Haar measure over the
unitary group. Sine Werner states are spanned by
the operators {1,F } [7℄, normalized Werner states are
ompletely dened by the parameter 〈F 〉 = tr(̺WF ).
For the ritial witness, i.e. E˜T with minimal p, we
have 〈F 〉 = 1. One an easily hek that the state
̺ = |00〉〈00| has the same expetation value, hene
E˜T =
∫
dU |vU 〉〈vU | ⊗ |wU 〉〈wU | (29)
with |vU 〉 = |wU 〉 = U |0〉. Notie that this expression
is a ontinuous version of (5), where the disrete set
of states {|vk〉, |wk〉} is replaed by a ontinuous set
{|vU 〉, |wU 〉} and the probability pk is replaed by the
probability distribution dU . Aording to Eq. (6), T˜
an be written as
T˜ (̺) =
∫
dU |w¯U 〉〈w¯U |tr
[
(d|vU 〉〈vU |) ̺
]
, (30)
where we used the invariane of the integral under
onjugation. This approximation has a lear intuitive
explanation. Given an unknown state, rst one tries
to estimate it in an optimal way using the ovariane
measurement dened by the innite set of operators
{MU = d|vU 〉〈vU |}, distributed aording to the Haar
measure. If the measurement outome orresponding
to |vU 〉 is obtained, the state |vU 〉〈vU |T = |w¯U 〉〈w¯U |
is prepared. Finally, it is important to mention that
the map dening the depolarization proess DUU an
also be implemented by the nite set of unitary op-
erators {pk, Uk} of [43℄, whih in our ase leads to a
measurement with a nite number of outomes.
D. Redution Criterion
Finally, we onsider the (normalized) redution map
ΛR dened as follows:
ΛR(ρ) =
1
d− 1
[
tr(ρ)1− ρ
]
. (31)
whih is also an optimal deomposable map [38℄. The
ondition for the strutural approximation Λ˜R to be
ompletely positive reads:
1⊗Λ˜R(P+) ≡ E˜R = d− p
d2(d− 1)1−
1− p
d− 1P+ ≥ 0, (32)
whih is immediately equivalent to:
p ≥ d
d+ 1
. (33)
In order to study the separability of E˜R, note that E˜R
is an isotropi state, i.e. E˜R is UU¯ -invariant. For suh
states the PPT riterion is again both a neessary and
suient ondition for separability [38, 41℄. Denote
by Π± the projetors onto the symmetri Sym(H ⊗
7H) and skew-symmetriH∧H subspaes respetively.
With the help of the identities P+ = (1/d)F
Γ
and
F = Π+ −Π− one obtains that:
E˜ΓR =
p
d2
Π+ +
2d− p(d+ 1)
d2(d− 1) Π−, (34)
whih is positive for all p. Hene, when E˜R beomes
positive, it also beomes separable whih implies that
the strutural approximation to ΛR is always entan-
glement breaking.
Again we use the invariane properties of E˜R to
write Λ˜R in the Holevo form (4). These states belong
to a spae generated by {1, P+} and therefore an be
ompletely desribed through the parameter 〈P+〉 =
tr(̺P+). For the ritial witness, the expeted value
is 〈P+〉 = 0 and a possible separable deomposition of
the state reads:
E˜R =
∫
dU(U ⊗ U¯)|φ〉〈φ|(U ⊗ U¯)† (35)
with |φ〉 = |01〉. Aording to Eq. (6),
Λ˜R(̺) =
∫
dU |wU 〉〈wU |tr ((d|vU 〉〈vU |) ̺) (36)
where |vU 〉 = U |0〉 and |wU 〉 = U |1〉.
IV. NON-DECOMPOSABLE MAPS
In this setion, we move to non-deomposable maps.
We rst onsider the Choi map, whih is one of the
rst examples of a non-deomposable positive map.
After this, we study those maps oming from unex-
tendible produt bases. Finally, we analyze a reently
introdued positive map, the Breuer-Hall map. In all
the ases, we are able to prove the onjeture in arbi-
trary dimension.
A. Choi's map
We now move to a non-deomposable map proposed
by Choi [44℄. The normalized map ΛC : B(C3) →
B(C3) an be written as:
ΛC(ρ) =
1
2
(
−ρ+
2∑
i=0
ρii (2|i〉〈i|+ |i− 1〉〈i− 1|)
)
,
(37)
where |i〉 is a xed basis of C3 and the summation is
modulo 3. Aording to Eq. (8), the witness E˜C asso-
iated with the strutural approximation Λ˜C reads:
E˜C = p
1
9
+ (38)
+
1− p
6
(
2∑
i=0
[2|ii〉〈ii|+ |i, i− 1〉〈i, i− 1|]− 3P+
)
.
By heking the positivity of this state we nd that
the map Λ˜C is ompletely positive for p ≥ 3/5.
The entanglement witness E˜C is separable sine, for
ritial p, it an be represented by the following onvex
ombination of (unnormalized) produt states:
E˜C =
1
15
(σ01 + σ12 + σ02 + σd) . (39)
Here σd = |02〉〈02| + |10〉〈10| + |21〉〈21| is obviously
separable and the matries σij are dened on the sub-
spae ij, i.e. spanned by {|ii〉, |ij〉, |ji〉, |jj〉}, and
read:
σij = 1− |ii〉〈jj| − |jj〉〈ii|. (40)
We an easily hek that these density operators
are PPT and hene separable. Choi's map is not
proven to be optimal, and there are even reasons
to believe that it is not. Namely, if one looks
at produt vetors at whih the mean of EC van-
ishes, they have the form (1, exp(iφ1), exp(iφ2)) ⊗
(1, exp(−iφ1), exp(−iφ2)), and are orthogonal to the
vetor (1, 0, 0, 0, 1, 0, 0, 0, 1), so that they do not span
the whole Hilbert spae and do not fulll the assump-
tions of the Corollary 2 from Setion 2. Still, as we
have shown, the strutural physial approximation for
the Choi's map is entanglement breaking. Thus, if this
map is (is not) optimal, this supports (does not on-
tradit) our onjeture.
B. UPB Map
Let us now fous on unextendible produt basis
[36℄. Reall that an unextendible produt basis in
an arbitrary spae HA ⊗ HB ∼= CdA ⊗ CdB onsists
of a set of n < dAdB orthogonal produt states,
{vi = xi ⊗ yi}ni=1, suh that there is no produt
state orthogonal to them. It is then impossible to
extend this set into a full produt basis. Given an
unextendible produt basis, one an assoiate a PPT
bound entangled state
̺{v} =
1
dAdB − n
(
1AB −
n∑
i=1
|vi〉〈vi|
)
. (41)
The state is trivially PPT and entangled as there is
no produt state orthogonal to the UPB.
A (normalized) witness deteting suh states an be
taken in the form [36℄
E{v} =
1
n− ǫdAdB
(
n∑
i=1
|vi〉〈vi| − ǫ1AB
)
, (42)
where ǫ > 0. A map Λ{v} : B(HA) → B(HB)
orresponding to E{v} an be obtained through the
Jamioªkowski's isomorphism (f. Eq. (1)) and is a
non-deomposable map sine the state ̺{v} is PPT.
8Let us 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tural approximation Λ˜{v} to
Λ{v}. The witness assoiated with Λ˜{v} reads:
E˜{v} =
p
dAdB
1+ (1− p)E{v} (43)
=
1
n− ǫdAdB
(
np− ǫdAdB
dAdB
1+ (1− p)
n∑
i=1
|vi〉〈vi|
)
.
Sine by denition all vetors vi are produt, E˜{v} =
1A ⊗ Λ˜{v}(P+) is separable, one it beomes positive.
Therefore, strutural approximations to positive maps
(42) arising from UPB's are entanglement breaking.
Sine E˜{v} is already in a produt state form, the
Holevo representation omes diretly from Eq. (6) for
eah partiular unextendible produt basis {|vi〉}. As
mentioned, this gives the expliit onstrution of the
measurement and state preparation protool approxi-
mating the map.
C. Breuer-Hall Map
In what remains, we study the Breuer-Hall map, re-
ently introdued in [39, 40℄. This positive map an
be understood as the generalization of the redution
riterion to the non-deomposable ase. As we show
next, this map also satises the onjeture for any
dimension. When proving these results, we are natu-
rally led to the analysis of a new two-parameter family
of invariant states, that we all unitary sympleti in-
variant states.
For even dimension d = 2n ≥ 4, whih from this
moment on we assume, the redution map (31) an
be yet improved, leading to the (normalized) Breuer-
Hall map [39, 40℄:
ΛBH(ρ) =
1
d− 2
[
tr(ρ)1− ρ− UρTU †
]
. (44)
Here U is any skew-symmetri unitary operator, i.e.
U †U = 1 and UT = −U . The resulting map is
no longer deomposable and is known to be optimal
[39℄. From the general formula (8), the entanglement
witness assoiated with the strutural approximation
Λ˜BH is given by:
E˜BH =
1
d− 2
[
d− 2p
d2
1− (1− p)P+
−1− p
d
(
1⊗ U)F (1⊗ U †)]. (45)
Further analysis of E˜BH will be again based on sym-
metry onsiderations. First of all, we note that sine U
is non-degenerate (|detU | = 1) and skew-symmetri,
there exists a basis, known as Darboux basis, in whih
U takes the anonial form:
J =
n⊕
i=1
[
0 1
−1 0
]
. (46)
For onveniene, we hoose U = J . Now, let S ∈
Sp(2n,C)∩U(2n) be a unitary sympleti matrix, i.e.
a omplex matrix satisfying:
S†S = 1 (47)
and
SJST = J. (48)
Then:
S ⊗ S¯ E˜BH S† ⊗ ST
= α1+ β S ⊗ S¯P+S† ⊗ ST + γ
(
S ⊗ S¯J)F (S† ⊗ J†ST )
= α1+ β P+ + γ
(
1⊗ J)(S ⊗ S)F (S† ⊗ S†)(1⊗ J†)
= α1+ β P+ + γ
(
1⊗ J)F (1⊗ J†) = E˜BH , (49)
where we introdued onstants α, β, γ for simpliity
(f. Eq. (45)). In the seond step above we used the
property:
S¯J = JS (50)
(it follows from Eqs. (47), (48) and the fat that J¯ =
J), together with the UU¯ -invariane of P+ [38℄. Then
in the last step we used the UU -invariane of F [7℄.
Thus, we have just proven that the witness E˜BH ,
assoiated with the Breuer-Hall map, is invariant un-
der transformations of the form S⊗ S¯, with S unitary
sympleti. Equivalently, its partial transpose E˜ΓBH is
invariant under transformations of the form S⊗S. We
will generally all suh operators unitary sympleti
invariant, or more speially SS¯- and SS-invariant
respetively.
To our knowledge, these operators have not been
studied systematially as an independent family.
They form a subfamily of SU(2)-invariant states of
Ref. [46℄ (see also Ref. [39℄ where a subfamily of
SS-invariant states was introdued and Appendix B),
but sine the number of parameters of the latter fam-
ily inreases with the dimensionality, it is manageable
only for low dimensions. Below we desribe unitary
sympleti invariant states in any even dimension (see
e.g. Ref. [41℄ for a general theory of states invari-
ant under the ation of a group G). The results are
then applied to the investigation of the entanglement
breaking properties of the strutural approximations
to the Breuer-Hall map.
1. Unitary Sympleti Invariant States
In the next lines, we haraterize the family of Uni-
tary Sympleti Invariant states. For the sake of lar-
ity, here we state the main results, the orresponding
proofs are then presented in Appendix C.
First of all, one should identify the spae of Hermi-
tian SS-invariant operators. As shown in Appendix
9C, the spaes of SS-invariant and SS¯-invariant oper-
ators are [48℄:
SS-inv ≡ Span{1,F , P J+}, (51)
SS¯-inv ≡ Span{1, P+,F J}, (52)
where AJ ≡ (1⊗ J)A(1⊗ J†).
For a later onveniene we introdue two equiva-
lent sets of generators given by the following minimal
projetors:
Π0 = P
J
+ , (53)
Π1 =
1
2
(1− F )− P J+ , (54)
Π2 =
1
2
(1+ F ), (55)
and
Πˆ0 = Π
J
0 = P+, (56)
Πˆ1 = Π
J
1 =
1
2
(1− F J )− P+, (57)
Πˆ2 = Π
J
2 =
1
2
(1+ F J ). (58)
Relations (112-113) imply that both sets dene a pro-
jetive resolution of the identity:
ΠαΠβ = δαβΠβ and
∑
α
Πα = 1, (59)
and analogously for Πˆα. Moreover [Πα, Πˆβ ] = 0 [49℄.
Projetors Πα and Πˆα form extreme points of the
onvex set of positive unitary sympleti invariant op-
erators. This allows us to easily desribe the on-
vex sets Σ and Σˆ of SS- and SS¯-invariant states
respetively. The normalization implies that eah
family of states is uniquely determined by two pa-
rameters: tr(̺F ), tr(̺P J+) for SS-invariant states and
tr(̺F J ), tr(̺P+) for SS¯-invariant ones (ompare with
Refs. [41, 50℄, where orthogonal invariant states
were haraterized). The extreme points of Σ and
Σˆ are given by the normalized projetors Πα/trΠα
and Πˆα/trΠˆα respetively. We stress that both sets
live in two dierent subspaes of the big spae of all
Hermitian operators: Σ ⊂ Span
R
{1,F , P J+} and Σˆ ⊂
Span
R
{1, P+,F J}. Partial transposition Γ brings one
set into the plane of the other and allows one to study
PPT and separability.
Figure 1 shows the plot of Σ together with ΣˆΓ
the set of partial transposes of SS¯-invariant states.
For deniteness' sake we have hosen to study partial
transposes of SS¯-invariant states, but as we will see
the situation is fully symmetri. The plane of the plot
is the spae of all Hermitian SS-invariant operators
with unit trae. The set ΣˆΓ is given by the onvex
hull of the normalized operators ΠˆΓα/trΠˆα:
ΣˆΓ = onv
{
ΠˆΓ1
trΠˆ1
,
ΠˆΓ2
trΠˆ2
,
ΠˆΓ3
trΠˆ3
}
⊂ Span
R
{1,F , P J+}.
(60)
FIG. 1: The plot of the set Σ of SS-invariant states
together with ΣˆΓthe set of partial transposes of SS¯-
invariant states. The thik line with the arrow represents
the partially transposed witness
eEΓBH(p). The dashed line
represents Werner states; its prolongation to the vertex
(d,−1/d) ≡ ΠˆΓ0 gives NPT isotropi states. The family
ρ(λ) from Ref. [39℄ is given by the edge, onneting ver-
ties (−1, 1) ≡ Π0 and (1, 0) ≡ Π2. The plot of Σˆ, Σ
Γ
,
and
eEBH(p) is idential, with the axes labels hanged to
〈F J 〉 and 〈P+〉 respetively.
The mentioned symmetry between the families mani-
fests itself in the fat that by hanging the axes la-
bels 〈F 〉 → 〈F J 〉 and 〈P J+〉 → 〈P+〉 one obtains
the plot of Σˆ and ΣΓ it is given by the idential
gure in the orresponding plane. This stems from
the following observations: tr(ΠˆαF
J) = tr(ΠαF ),
tr(ΠˆαP+) = tr(ΠαP
J
+), trΠˆα = trΠα = trΠˆ
Γ
α, and
tr(ΠΓαF
J ) = tr(ΠˆΓαF ), tr(Π
Γ
αP+) = tr(Πˆ
Γ
αP
J
+).
The intersetion ΣˆΓ∩Σ desribes those SS¯-invariant
states with positive partial transpose. As shown in
Appendix C, not all of them are separable, i.e. there
are PPT entangled states in the family. The extreme
points of the intersetion are given by:
x0 = (0, 0), x1 =
(
0,
1
d
)
,
x2 = (1, 0), x3 =
(
d
d+ 2
,
1
d+ 2
)
. (61)
To prove separability of a given point it is enough to
show that there exists a normalized produt vetor
|u〉 ⊗ |v〉 with the idential expetation values of F
and P J+ , for the latter values haraterize the state
uniquely. Using this fat, one an see that the ex-
treme points of the separability region are x0, x1 and
x2. The remaining part of the PPT region ontains
entangled states.
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2. Entanglement breaking property of
eΛBH
We an now return to the study of the witness E˜BH
assoiated with the Breuer-Hall map (f. Eq. (45)
with U = J). As we have shown in Setion IVC,
E˜BH is a SS¯-invariant hermitean operator. Before
analyzing when it beomes positive, note that:
E˜ΓBH =
1
d− 2
[
d− 2p
d2
1− 1− p
d
F − (1 − p)P J+
]
=
(
1⊗ J)E˜BH(1⊗ J†). (62)
Thus, E˜BH ≥ 0 if and only if E˜ΓBH ≥ 0, i.e. the
strutural-approximated witness is a PPT state.
From Eqs.(45) and (62) we obtain that when 0 ≤
p ≤ 1:
−1 ≤ tr(E˜BHF J ) = tr(E˜ΓBHF ) ≤
1
d
, (63)
−1
d
≤ tr(E˜BHP+) = tr(E˜ΓBHP J+) ≤
1
d2
. (64)
The orresponding interval p 7→ E˜ΓBH(p) is depited
in Fig. 1 by the thik line with the arrow. We have
plotted E˜ΓBH(p) rather than E˜BH(p). One sees that
the line enters the positive region Σ at the point
x0 = (0, 0), that is when both averages (63) and (64)
vanish. Equating any of the expetation values to zero
gives the ondition for the strutural physial approx-
imation:
p ≥ d
d+ 1
. (65)
Notie that it is the same bound as in Eq. (33) for
the redution map. Observing Fig. 1 it is lear that
any strutural approximation to Breuer-Hall map is
entanglement breaking sine the positivity region of
E˜ΓBH is inside the separability region of SS-invariant
states.
As a byprodut, we also obtain the minimum eigen-
value λmin of the witness EBH , orresponding to the
original positive map (44). From Eq. (8) it follows
that at the ritial probability p = d/(d + 1) one
must have p/d2 + (1 − p)λmin = 0. This leads to
λmin = −1/d, whih orresponds to the eigenvetor
|Φ+〉. Note that this eigenvetor shares the symmetry
of EBH : S ⊗ S¯|Φ+〉 = |Φ+〉.
Again, we are able to provide a representation of
the strutural approximation to Breuer-Hall map us-
ing the SS¯-invariane of the orresponding witness:
E˜BH =
∫
dS(S ⊗ S¯)|ϕ〉〈ϕ|(S ⊗ S¯)†. (66)
These states are parameterized by 〈P+〉 and 〈F J 〉 and,
for the ritial witness E˜BH we have 〈P+〉 = 〈F J 〉 = 0.
The same expeted values are obtained by the sepa-
rable state |ϕ〉 = |φ〉 ⊗ |ψ〉, where
|φ〉 = 1
2
(|0〉+ |1〉+ |2〉+ |3〉) (67)
|ψ〉 = 1√
2
(|0〉 − |2〉) . (68)
Then, the Holevo form of Λ˜BH is:
Λ˜BH(̺) =
∫
dS|wS〉〈wS |tr (d|vS〉〈vS |̺) (69)
with |vS〉 = S|φ〉 and |wS〉 = S|ψ¯〉.
V. ENTANGLEMENT DETECTION VIA
STRUCTURAL APPROXIMATIONS
Before onluding, we would like to disuss the ap-
pliation of these ideas to the design of entanglement
detetion methods. Indeed, one of the main motiva-
tions for the introdution of strutural approximations
[15℄ was to obtain approximate physial realizations of
positive maps, whih an then be used for experimen-
tal entanglement detetion.
The original sheme proposed in [15℄ works as fol-
lows, see also Fig. 2. Given N opies of an un-
known bipartite state, ̺AB, the goal is to determine,
without resorting to full tomography, whether the
state is PPT. The idea is to apply the strutural
approximation to partial transposition to this initial
state and estimate the spetrum (or more preisely,
the minimal eigenvalue) of the resulting state using
the optimal measurement for spetrum estimation de-
sribed in [52℄. Note that the strutural approxima-
tion 1˜⊗ T simply adds white noise to the ideal oper-
ator ̺Γ. Thus, it is immediate to relate the spetrum
of (1˜⊗ T )(̺AB) to the positivity of the partial trans-
position of the initial state.
Inspired by the previous ndings, we study in this
setion whether the strutural approximation to par-
tial transposition denes an entanglement breaking
hannel. This map is of ourse not even positive
(so it does not entirely t with our main onsidered
senario), but obviously by adding suient amount
of noise it an be made not only positive but also
ompletely positive. As we show next, the stru-
tural approximation to partial transposition does in-
deed dene an entanglement breaking hannel when-
ever dA ≥ dB, whih inludes the most relevant ase
of equal dimension dA = dB.
This implies that the entanglement detetion
sheme of Fig. 2.a an just be replaed by a sequene
of single-opy measurements, see Fig. 2.b, being the
measurement the one assoiated to the Holevo form
of the entanglement breaking hannel. This alterna-
tive sheme is muh simpler from an implementation
point of view sine it does not require any olletive
measurement, though the measurements are not pro-
jetive. Moreover, it an never be worse than the pre-
vious method, and most likely is better (see also [32℄).
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FIG. 2: The original sheme for diret entanglement de-
tetion proposed in [15℄ is shown in (a). Given N opies
of an unknown state ̺, it onsists of, rst, the strutural
approximation of partial transposition ating on the ini-
tial state, followed by optimal estimation of the minimal
eigenvalue of the resulting state. In the new sheme, all
this struture is replaed by single-opy measurements on
the state. The minimal eigenvalue should then be diretly
estimated from the obtained outomes.
A. Strutural Approximations to 1⊗ T
Let us then onsider the strutural approximation
to transposition extended to some arbitrary auxiliary
spae: 1A⊗TB [15℄. Note that, unlike in the previous
ases, the initial Hilbert spae desribing the system is
now expliitly a produt H = HA⊗HB ∼= CdA⊗CdB .
Moreover, generally 1˜⊗ Λ is not the same as 1 ⊗ Λ˜,
although 1˜⊗ Λ(P+) = 1 ⊗ Λ˜(P+), so this problem
does not redue to the previous one. Calulating the
witness orresponding to
˜1A ⊗ TB one obtains:
E˜1⊗T =
[
(1A ⊗ 1B)⊗ ( ˜1A′ ⊗ TB′)
]
(PAB,A
′B′
+ )
= p(dAdB)21AA′ ⊗ 1BB′ +
1−p
dB
PAA
′
+ ⊗ FBB
′
, (70)
where F
BB′
is the ip operator onHB⊗HB′ ∼= CdB⊗
CdB and PAB,A
′B′
+ , P
AA′
+ are projetors onto maxi-
mally entangled vetors in the orresponding spaes,
PAB,A
′B′
+ =
1
dAdB
dA∑
i,k=1
dB∑
j,l=1
|ij〉AB〈kl| ⊗ |ij〉A′B′〈kl|.
(71)
The ondition for strutural approximation, positivity
of E˜1⊗T , is most easily derived by using the identity
F
BB′ = ΠBB
′
+ −ΠBB
′
− , where Π
BB′
+ is the projetor on
the symmetri subspae Sym(HB ⊗ HB′), and intro-
duing a projetor QAA
′
+ = 1AA′ −PAA
′
+ . Then E˜1⊗T
beomes:
E˜1⊗T =
[
p
(dAdB)2
+
1− p
dB
]
PAA
′
+ ⊗ΠBB
′
+
+
p
(dAdB)2
[
QAA
′
+ ⊗ΠBB
′
+ +Q
AA′
+ ⊗ΠBB
′
−
]
+
[
p
(dAdB)2
− 1− p
dB
]
PAA
′
+ ⊗ΠBB
′
− . (72)
Sine only the last term an be negative, one obtains
the following ondition for strutural approximation:
p ≥ d
2
AdB
d2AdB + 1
. (73)
Comparison of the above threshold with the one given
by Eq. (26) with d = dB , shows that in order to make
1A⊗TB ompletely positive one has to add more noise
than to make the transposition T alone ompletely
positive and hene implementable. In other words,
1A ⊗ T˜B is less noisy than ˜1A ⊗ TB.
We proeed to study the separability of E˜1⊗T . We
begin by nding the partial transposition of E˜1⊗T
with respet to the subsystem A′B′ [45℄:
E˜
T
A′B′
1⊗T =
p
(dAdB)2
1+
1− p
dA
F
AA′ ⊗ PBB′+ . (74)
Applying the same tehnique as above (f. Eq. (72)),
we nd that E˜Γ
1⊗T ≥ 0 if and only if:
p ≥ dAd
2
B
dAd2B + 1
. (75)
Comparing this to the threshold for positivity (73),
we see that for dA < dB , i.e. when the extension is by
a spae of smaller dimension, there is a gap between
positivity and PPT. Hene, in this ase, for
d2AdB
d2AdB + 1
≤ p ≤ dAd
2
B
dAd2B + 1
(76)
the witness (72) is not separable and the map
˜1A ⊗ TB
is not entanglement breaking in this region. Reall
however that this does not represent any ounter-
example to the onjeture as the initial map is not
even positive.
In the ase dA ≥ dB, we will use symmetry ar-
guments to prove the separability of E˜1⊗T . From
Eq. (70) it follows that this state is UU¯V V -invariant,
where U ∈ U(dA), V ∈ U(dB) (f. Refs. [41, 42℄
where UUV V -invariant states were studied). Sine
both groups U(dA) and U(dB) at independently it is
easy to onvine oneself [41℄ that the spae of UU¯V V -
invariant operators is spanned by {1⊗1, 1⊗F , P+⊗1,
P+ ⊗ F }. Following the same approah as in sub-
setion VI, we prove the separability of E˜1⊗T in the
AB : A′B′ partition by showing that the state an be
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written as onvex sum of produt states, i.e. it is has
the following representation∫
dUdV (UAVBU¯A′VB′)σ(UAVBU¯A′VB′)
†
(77)
(we omit tensor produt signs here for brevity) for
some σ separable in the partition AB : A′B′. Given
that states with this invariane are ompletely de-
sribed by parameters 〈1⊗F 〉, 〈P+⊗1〉 and 〈P+⊗F 〉,
σ must obey the onditions: tr(σ1⊗F ) = tr(E˜1⊗T1⊗
F ), tr(σP+⊗1) = tr(E˜1⊗TP+⊗1) and tr(σP+⊗F ) =
tr(E˜1⊗TP+ ⊗ F ). Suh state σ ≡ |ϕ〉〈ϕ| an be writ-
ten as
|ϕ〉 ≡ |φ〉AB ⊗ |ψ〉A′B′
= (
√
α00|00〉+√α01|01〉+√α11|11〉) |00〉(78)
for
α00 =
dB
dAd2B + 1
(1 + dA) (79)
α01 =
1
dAd2B + 1
(d2B + dA − dB(1 + dA)) (80)
α11 = 1− 1
dAd2B + 1
(d2B + dA). (81)
Notie that, as expeted, σ is only well-dened for
dA ≥ dB. Aording to Eq. (6), the map 1˜⊗ T (̺)
an be written as
1˜⊗ T (̺) =
∫
dUdV |wUV¯ 〉〈wUV¯ |tr(dAdB|vUV 〉〈vUV |̺).
(82)
where |vUV 〉 = U ⊗ V |φ〉 and |wUV¯ 〉 = U ⊗ V¯ |ψ¯〉.
Reall also that the integrals over the unitary group
dening eah depolarization protool an be replaed
by the nite sums of, e.g., Ref. [43℄.
In the ase dA = dB ≡ d, we enounter the stru-
tural approximation to the transposition map ana-
lyzed in [15℄. As mentioned, by providing the rep-
resentation (82) we are able to replae the former
entanglement detetion sheme [15℄ by a muh less
resoure-demanding one. In the original proposal, n
opies of T˜ (̺) are prepared, followed by optimal es-
timation of its minimal eigenvalue by means of a ol-
letive projetive measurement on the n-opy state.
Now, one should just perform loal measurements in
the n opies of ̺ with operators dened in (82) and
with that diretly estimate the lowest eigenvalue of
1⊗ T .
VI. CONCLUSIONS
In this work, we have studied the implementation of
strutural approximations to positive maps via mea-
surement and state-preparation protools. Our nd-
ings suggest an intriguing onnetion between these
two onepts that we have summarized by onjetur-
ing that the strutural physial approximation of an
optimal positive map denes an entanglement break-
ing hannel. Of ourse, the main open question is
(dis)proving this onjeture. It would also be interest-
ing to obtain slightly weaker results in the same dire-
tion, suh as proving the onjeture for general opti-
mal deomposable maps (whih seems more plausible
due to the fat that the onjeture holds for trans-
position). We have also applied the same ideas to
the study of physial approximations to partial trans-
position, whih is not a positive map, and disuss the
impliations of our results for entanglement detetion.
We would like to onlude this work by giving a geo-
metrial representation of our ndings (that should be
interpreted in an approximate way). It is well known
that the set of quantum states is onvex and inludes
the set of separable states, whih is also onvex, see
also Fig. 3. These two sets are ontained in the set
of Hermitian operators that are positive on produt
states, whih is again onvex. Entanglement witnesses
belong to this set. If the onjeture was true, it would
mean that the set of optimal witnesses would live in
a region whih is opposite" to the set of separable
states, in the sense that when mixed with the maxi-
mally mixed noise, they enter the set of physial states
via the separability region.
Finally, let us mention some further open questions.
It would be interesting to extend our studies and ask
whih lasses of positive maps have strutural approxi-
mation that orresponding to partially breaking han-
nels (for denition see [53℄)? Is our onjeture true for
maps that are not optimal, but atomi [54℄, i.e. de-
tet Shmidt number 2 entanglement (for denition
see [55℄? What is the relation between optimality,
extremality (in the sense of onvex sets) and atomi
property?
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FIG. 3: The sets S, Q and W of separable states, quan-
tum states and operators positive on produt states are
suh that S ⊂ Q ⊂W . If the onjeture was true, namely
all strutural approximations to optimal positive maps de-
ned entanglement breaking hannels, it would mean that
optimal positive maps (witnesses) enter the physial re-
gion, when adding white noise, via the separability region,
as shown in the gure.
Appendix A: Proof of the onjeture for a
rank-three optimal witness in 2⊗ 4 systems
In this appendix, we show that the strutural ap-
proximation to the optimal witness QΓ, where Q is the
projetor onto states (22), is separable. Following our
general proedure (f. Eq. (8)), the normalized wit-
ness assoiated to the strutural approximation reads:
E˜Λ =
p
8
1+
1− p
6
QΓ ≡ 1− p
6
(
QΓ + a1
)
=
1− p
6
×
a 0 0 0 0 −1 0 0
0 1 + a 0 0 0 0 −1 0
0 0 1 + a 0 0 0 0 −1
0 0 0 1 + a 0 0 0 0
0 0 0 0 1 + a 0 0 0
−1 0 0 0 0 1 + a 0 0
0 −1 0 0 0 0 1 + a 0
0 0 −1 0 0 0 0 a

,(83)
where a = 6p8(1−p) . The above operator beomes posi-
tive when
a(1 + a) = 1. (84)
To show that at this point the matrix (83) beomes
separable, we rst perform a loal invertible transfor-
mation and pass from QΓ+a1 to 1⊗A
(
QΓ+a1
)
1⊗
A†, where
A =
 1 0 0 00 a 0 00 0 a 0
0 0 0 1
 . (85)
With the help of the positivity ondition (84), the
resulting matrix an be written as:
a2

1 0 0 0 0 −1 0 0
0 1 0 0 0 0 −1 0
0 0 1 0 0 0 0 −1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
−1 0 0 0 0 1 0 0
0 −1 0 0 0 0 1 0
0 0 −1 0 0 0 0 1

+
+(a− a2)

1 0 0 0 0 −1 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 −1
0 0 0 κ 0 0 0 0
0 0 0 0 κ 0 0 0
−1 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 −1 0 0 0 0 1

, (86)
where
κ =
1
a− a2
(1
a
− a2
)
> 1. (87)
Note that sine at the ritial point (84), a− a2 > 0,
it is enough to show that both matries in the above
deomposition are separable. The rst matrix, whih
we denote by σ, possesses the following ontinuous
separable representation:
σ =
∫ 2π
0
dφ
2π
|ψ(φ)〉〈ψ(φ)|, (88)
where
ψ(φ) = (eiφ,−1)⊗ (1, eiφ, e2iφ, e3iφ). (89)
The seond matrix has a (2 ⊗ 2) ⊕ (2 ⊗ 2) struture
with 2⊗ 2 bloks being idential and given by 1 0 0 −10 1 0 00 0 κ 0
−1 0 0 1
 . (90)
Sine κ > 1 the above matrix is PPT and hene sepa-
rable. Thus, the whole matrix (86) is separable, whih
nishes the proof.
Appendix B: 3⊗ 3 systems
In this appendix, we provide several examples of
positive maps satisfying the onjeture. Again we
onsider deomposable optimal maps and study ase-
by-ase various possible ranks of the Q operator (f.
Theorem 2, Setion II B).
The ase r(Q) = 1, i.e. Q = |ψ〉〈ψ|, splits into
two subases. When the Shmidt-rank of |ψ〉 is 2, Q
is supported in a 2 ⊗ 2 subspae and the strutural
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approximation is entanglement breaking by the pre-
vious results (f. Setion III A). In the ase where
|ψ〉 is Shmidt-rank 3, we restrit our attention to the
trae-preserving ase, i.e. assume that |ψ〉 is maxi-
mally entangled. Alternatively, before heking the
onjeture we apply loal transformations and bring
|ψ〉 to the form (2), i.e. we assume that:
|ψ〉 = 1√
3
(
|00〉+ |11〉+ |22〉
)
= |Φ+〉. (91)
Then the orresponding witness E˜ from Eq. (8) turns
out to be a Werner state [7℄ of dimension d = 3. This
witness was already studied for arbitrary d in setion
, where we onluded that suh strutural approxima-
tion is always entanglement breaking.
We move to the ase r(Q) = 2. Then Q has to be
supported either in a 2⊗3 subspae or in the full 3⊗3
spae, sine in 2⊗2 there is always a produt vetor in
every two dimensional subspae and Q would not be
optimal by Theorem 2 of Setion II B. The rst ase,
when Q is supported in a 2 ⊗ 3 subspae, is overed
by Setion IIIA. In the other ase, we do not have a
general theory, but in a generi ase the range of Q is
spanned by two Shmidt-rank 2 vetors. We an take
them to be:
|01〉 − |10〉 (92)
|12〉 − |21〉. (93)
Obviously, for suh a Q it holds Qe ⊗ e = 0 ⇒ 〈e ⊗
e¯|QΓe ⊗ e¯〉 = 0 for any e ∈ C3. Sine vetors e ⊗ e¯
span the whole C3⊗C3, by Corollary 2 of Setion IIA
the witness QΓ is optimal.
Again we do not have a general result here, but
only onsider a generi example of Q given by the
projetors on the above vetors (92-93). The normal-
ized witness orresponding to the strutural approxi-
mation, E˜Λ =
1−p
4
(
QΓ+a1
)
with a = 4p9(1−p) is given,
modulo the (1− p)/4 prefator, by the matrix:
a 0 0 0 −1 0 0 0 0
0 1 + a 0 0 0 0 0 0 0
0 0 a 0 0 0 0 0 0
0 0 0 1 + a 0 0 0 0 0
−1 0 0 0 a 0 0 0 −1
0 0 0 0 0 1 + a 0 0 0
0 0 0 0 0 0 a 0 0
0 0 0 0 0 0 0 1 + a 0
0 0 0 0 −1 0 0 0 a

.
(94)
It beomes positive at the point a(a2 − 2) = 0, i.e. at
a =
√
2. (95)
whih gives the ritial probability pc =
9
√
2
9
√
2+1
≈ 0.93.
To hek the separability at the above point (95),
note that the matrix (94) an be deomposed as fol-
lows: 
a 0 0 0 −1 0 0 0 0
0 1 + a 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 + a 0 0 0 0 0
−1 0 0 0 a2 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

+
+

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 a2 0 0 0 −1
0 0 0 0 0 1 + a 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 + a 0
0 0 0 0 −1 0 0 0 a

+
+

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 a 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 a 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

. (96)
The rst two matries are supported in 2 ⊗ 2 sub-
spaes. Their partial transposes beome positive for
(1 + a)2 = 1, whih is satised at the point (95). The
last matrix is obviously separable. This allows us to
onlude that the strutural approximation (94) is en-
tanglement breaking.
Next, we onsider the ase r(Q) = 3. Then Q must
be supported in the whole 3⊗3 spae (otherwise there
would be a produt vetor in the range of Q and Q
would not be optimal by Theorem 2, Setion II B).
In lieu of a general theory, we onsider a seemingly
generi example of
Q = Π−, (97)
where by Π± we denote the projetors onto the sym-
metri Sym(H⊗H) and skew-symmetri H ∧H sub-
spaes respetively. The orresponding normalized
witness reads:
3
1− pE˜Λ = Q
Γ + a1 =
1
2
[
(1 + 2a)1− 3P+
]
, (98)
where a = 3p9(1−p) and we used the identities F =
Π+ − Π− = 1 − 2Π− and F Γ = dP+. The ondition
for strutural approximation, E˜Λ ≥ 0, is equivalent to
a ≥ 1. (99)
Note that the strutural-approximated witness (98) is
an isotropi state of dimension d = 3 and that this was
15
already studied for arbitrary d in Se. III D. There we
onluded that suh witnesses always orrespond to
entanglement-breaking hannels.
We are left with the last ase r(Q) = 4. Note that
generially if we onsider P a projetor on the ker-
nel of Q, then r(P ) = 5 and the range of P ontains
exatly ≤ 5 produt vetors. In general, Q will on-
tain some produt vetor in its kernel and therefore is
not optimal. For this reason, here we onsider not a
generi but a partiular Q where optimality is guaran-
teed by the Corollary 2 of Setion IIA. We an treat
C3 ⊗ C3 as a representation spae of two spin-1 rep-
resentations of SU(2). We then onsider positive op-
erators Q supported on a span of the skew-symmetri
subspae C3 ∧ C3 and the singlet [46℄:
Ψ =
1√
3
(
|02〉+ |20〉 − |11〉
)
. (100)
Denoting by J the total spin, Q is supported on
the sum of J = 0 and J = 1 subspaes, while P
is supported on the J = 2 subspae. The kernel
of Q is then spanned by the vetors of the form
(1,
√
2α, α2)⊗(1,√2α, α2) for a omplex α. By Corol-
lary 2 of Setion IIA, QΓ is optimal, as vetors
(1,
√
2α, α2)⊗ (1,√2α¯, α¯2) span whole of the C3⊗C3.
As a partiular example we onsider
Q = 2Π− + 2PΨ. (101)
The strutural approximation gives:
8
1− pE˜Λ = Q
Γ + a1 =
a 0 0 0 −1 0 0 0 − 13
0 1 + a 0 0 0 − 23 0 0 0
0 0 53 + a 0 0 0 0 0 0
0 0 0 1 + a 0 0 0 − 23 0−1 0 0 0 23 + a 0 0 0 −1
0 − 23 0 0 0 1 + a 0 0 0
0 0 0 0 0 0 53 + a 0 0
0 0 0 − 23 0 0 0 1 + a 0− 13 0 0 0 −1 0 0 0 a

, (102)
where
a =
8p
9(1− p) . (103)
The matrix (102) beomes positive at the point given
by the onditions (a + 1)2 − 49 = 0 and
(
a+ 23
)(
a−
1
3
)
− 2 = 0, whih is solved by
a =
4
3
. (104)
We now prove that at this point the witness (102)
beomes separable. We onsider the partially trans-
posed witness:
8
1− pE˜
Γ
Λ =
4
3
1+ 2
(
PJ=1 + PJ=0
)
, (105)
where PJ projets on the subspae of total spin J .
Using the tehnique based on the state invariane de-
sribed in Se. III C, we expliitly onstrut a sepa-
rable deomposition for E˜ΓΛ. Analogously to the de-
nition (28), we introdue spin-1⊗ spin-1 depolarizing
operator:
D(̺) =
∫
dD
(1)(U)×[
D
(1)(U)⊗D(1)(U)]̺[D(1)(U)† ⊗D(1)(U)†](106)
=
1
5
tr
(
̺PJ=2
)
PJ=2 +
1
3
tr
(
̺PJ=1
)
PJ=2 +
+tr
(
̺PJ=0
)
PJ=0. (107)
where D(1)(U) ∈ SO(3) denotes spin-1 representation
of U ∈ SU(2). By diret alulation we hek that
D(|02〉〈02|) + D(|01〉〈01|) (108)
gives, up to a positive onstant, the desired operator
E˜ΓΛ. Sine separability of E˜
Γ
Λ is equivalent to separa-
bility of E˜Λ, we have thus shown that the strutural
approximation to the map dened by Eq. (101) is
entanglement breaking.
16
Appendix C: Analysis of Unitary Sympleti
Invariant States
The sope of this appendix is to provide a hara-
terization of the properties of SS and SS¯ invariant
states. The rst step is to nd the spae of Hermitian
SS-invariant operators. The orresponding spae of
SS¯-invariant ones is related to the latter by partial
transposition Γ. Sine unitary sympleti transfor-
mations S are obviously unitary, all UU -invariant op-
erators are also SS-invariant. As it is well known, the
former spae is spanned by 1 and F [7℄. As a rule,
shrinking the group enlarges the spae of the invariant
operators, so one expets more than that. The form
of the invariane group G = Sp(2n,C)∩U(2n) implies
that {G − inv} = {Sp(2n,C)− inv} ∪ {U(2n)− inv}
(in some sense we will not speify here; see Ref. [41℄).
Thus, one has to nd the Sp(2n,C)-invariant opera-
tors.
Let A be Hermitian and suh that:∑
j,...,n
SijSklAjlmnS¯rmS¯sn = Aikrs, (109)
for all S from Sp(2n,C) (now S satises Eq. (48)
only). Sine S and its omplex onjugation S¯ are inde-
pendent for a general S ∈ Sp(2n,C), and the dening
equation (48) does not involve omplex onjugation,
the only possibility for Eq. (109) to hold is when A
is rank one, i.e. Ajlmn = ψjlφ¯mn. Then Eq. (109)
beomes: (
SψST
)
ik
(
SφST
)
rs
= ψikφ¯rs. (110)
But the only quadrati form that S preserves is J ,
whih implies that one must have ψik = c1Jik and
φrs = c2Jrs for some omplex c1,2 6= 0. We hoose
c1 = c2 = −1/
√
d, d = 2n, whih leads to:
|ψ〉 = |φ〉 = − 1√
d
∑
i,k
Jik|ik〉
=
1√
d
(|10〉 − |01〉+ |32〉 − |23〉+ . . . )
= (1⊗ J)|Φ+〉, (111)
(f. Eq. (2)). Hene, P J+ = (1 ⊗ J)P+(1 ⊗ J†) is
the only Sp(2n,C)-invariant operator, up to a mul-
tipliative onstant [47℄. Using this fat we on-
lude that the spae of SS-invariant operators is
spanned by {1,F , P J+}. Correspondingly, the spae of
SS¯-invariant operators is spanned by {1,F , P J+}Γ ≡
{1, P+,F J} = (1⊗ J){1, P J+ ,F J}(1⊗ J†). As a side
remark, we note that sine J is real, J† = JT = −J
(f. denition (46)) and hene (1 ⊗ J)A(1 ⊗ J†) =
−(1 ⊗ J)A(1 ⊗ J) for any A. We will use this fat
frequently, but keep writing J†.
As a general rule, G-invariant operators form alge-
bras [41℄. The onstituent relations for the algebras of
unitary sympleti invariant operators are as follows:
FP J+ = −P J+ = P J+F (112)
and
P+F
J = −P+ = F JP+. (113)
The above relations follow from the identity F (1 ⊗
J)|Φ+〉 = (J ⊗ 1)|Φ+〉 = −(1⊗ J)|Φ+〉, equivalent to
F
J |Φ+〉 = −|Φ+〉.
Let us now fous on the study of the PPT region,
resulting from the intersetion ΣˆΓ ∩ Σ. As we men-
tioned, when studying separability, one should har-
aterize the expetation value of the generators of the
group with produt vetors. For a vetor |u〉⊗ |v〉 one
obtains that:
〈F 〉 = ∣∣〈u|v〉∣∣2
=
∣∣u¯0v0 + u¯1v1 + u¯2v2 + u¯3v3 + · · ·+ u¯2nv2n∣∣2,
〈P J+〉 =
1
d
∣∣uTJv∣∣2
=
1
d
∣∣u0v1 − u1v0 + · · ·+ u2n−1v2n − u2nv2n−1∣∣2.
(114)
From these equations, one easily sees that the rst
extreme point from (61) an be realized by e.g. u =
(1/2)(−1, 1, 1, 1, 0, . . . ) and v = 1/√2(1, 0, 0, 1, 0, . . . ),
while points x2, x3 an be obtained from u =
1/
√
2
(|0〉 ∓ |1〉), v = 1/√2(|0〉+ |1〉) respetively. To
show that only the set onv{x0, x1, x2} is separable we
will employ the Breuer-Hall map (44) itself. Note that
the orresponding separable set onv{x0, x1, x2}Γ ⊂
Σˆ ∩ ΣΓ is determined by the points with the same
oordinates as x0, x1, x2 but in the 〈P+〉, 〈F J 〉-plane
(sine e.g. tr(̺ΓP J+) = 1/d ⇔tr(̺F ) = 1, et).
For an arbitrary SS-invariant normalized state ̺ =
α1+βF +γP J+ it holds trB̺ =
(
dα+F +(1/d)γ
)
1 =
1/d, sine tr̺ = d2α + dβ + γ = 1 and trBP
J
+ =
trBP+ = 1/d as J is unitary. Analogously, for an
arbitrary SS¯-invariant state ˆ̺ = αˆ1 + βˆF J + γˆP+,
trB ˆ̺ = 1/d, sine trBF
J = trBF = 1. Hene, the no-
detetion ondition 1 ⊗ ΛBH(̺) ≥ 0 takes the same
form for both families:
1
d
1− ̺− (1⊗ J)̺Γ(1⊗ J†) ≥ 0. (115)
We multiply the above inequality by P J+ and P+
respetively. Noting that P J+ , P+ ≥ 0 and [1 ⊗
ΛBH(̺), P
J
+ ] = 0 = [1⊗ ΛBH(ˆ̺), P+], we obtain that
if a state is not deteted by the Breuer-Hall map then:
tr(̺P J+) ≤
1− tr(̺F )
d
, or (116)
tr(ˆ̺P+) ≤ 1− tr(ˆ̺F
J )
d
(117)
respetively. Equivalently, states breaking the above
inequalities, i.e. states lying above the line 〈P J+〉 =
17
(
1−〈F 〉)/d, or above the line 〈P+〉 = (1−〈F J〉)/d in
the ase of SS¯-invariant states, are deteted by ΛBH
and hene entangled.
The set of PPT entangled SS¯-invariant states is de-
pited in Fig. 1. Note that when d→∞, d even, the
point x3 → x2, f. Eq. (61), and the set of PPT bound
entangled states ollapses. Sine we expet that away
from region boundaries in Fig. 1 the properties of SS¯-
invariant states are shared by the states in a small ball
around them, the ollapse of the "volume" of the PPT
states is to be expeted aording to Ref. [51℄. From
the previous arguments (f. remarks after Eq. (60))
and Eq. (117), the orresponding diagram for SS-
invariant states is idential, modulo the labels of the
axes. This nishes our analysis of unitary sympleti
invariant states.
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